Recently there is a surge of interests in the so-called topologically protected corner states in 2D and 3D systems. Such systems are considered as high order topological insulators. Wannier centers are used as topological invariants to characterize bulk systems. The existence of corner states is considered as a reflection of the topological non-triviality of bulk energy bands. We demonstrate that the Wannier centers are not topological invariants by showing they depend on the choices of unit cells. The same bulk system can be considered as both topological and trivial with two equally possible types of unit cells. We show the existence of corner states only reflects different choices of boundaries of the same bulk system. The corner states disappears in the so-called topological state if we choose a different boundary with the same symmetry as the original one. On the other hand, equally robust corner states can be realized in the so-called trivial state.
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The existence of localized states in 1D system has been studied intensely. The edge state in 1D systems can be considered as the prototype of the corner state in higher dimensional systems. For example, in the 1D SSH model Zak phase φ Zak is considered as topological invariant [1] [2] [3] [4] [5] . The bulk state of system is claimed to be topological when φ Zak = π and trivial when φ Zak = 0. The presence or absence of the zero-energy edge states is considered as indication of the topological property of the bulk bands. It is claimed the topological property of this system is protected by the chiral symmetry [1] .
The corner states in 2D and 3D systems have been proposed and observed recently [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . The corner states, similar to the edge states in 1D systems, are also claimed to be topologically protected. The polarization of occupied bands [13] and polarization of the Wannier bands [6] are used as topological invariant to characterize the bulk systems. When the polarization take certain values the system is considered as topological, otherwise it is considered as trivial.
Here we first show neither of Zak phase in 1D systems nor the polarizations in 2D systems can be considered as bulk topological invariant. For this purpose, we stress some characteristics of topological invariant of bulk bands. First, as a property of energy bands, a bulk topological invariant must be defined without referring to the boundary of the system. Since the Bloch wave can only be defined in a system with infinite boundary condition or periodic boundary condition, i.e. a system without terminations, this conclusion is obvious.
Second, since one bulk system must be in one definite topological state, i.e. it is either topological or trivial, the topological invariants calculated from the same bulk bands must indicate the same topological state of the system. For example, we can choose different types of unit cells in calculating the topological invariant. If the socalled topological invariant indicates the system is topological with one type of unit cell and indicates the system * wuyidong@ysu.edu.cn is trivial with another type, then it is not a topological invariant.
We now show Zak phase and the polarizations depend on the choices of unit cells. Zak phase and the polarizations correspond to the centers of Wannier functions [6, 7] . The unit-cell-dependence of Wannier centers come from the fact that the positions of the orbits in a tight-binding model are not uniquely defined. If we use the Berry connection to calculate the Wannier centers the positions of the orbits depend on the choice of unit cells.
In 1D systems Zak phase φ Zak and the Wannier center x w are related by φ Zak = x w 2π. It can be easily shown
where |W (n) is the Wannier function. For given lattice n, |W (n) is a column vector and the elements of |W (n) correspond to orbits in the unit cell denoted by n. W (n)|W (n) is the probability that the electron in this unit cell. All the orbits in nth unit cell are assumed to be located at n in calculating x w . So the Wannier center obtained from the Zak phase is not actual the average position of electron for a given Wannier function.
In Fig.1 we illustrate that x w of SSH model depends on the choices of unit cells. We use the method in ref [7] to construct the 1D Wannier function of the occupied bands of the SSH model. If we choose the unit cells in Fig.1(b) x w will coincides with one lattice as is shown in Fig.1 (c) and the Zak phase φ Zak = 0. If we choose unit cells in Fig.1 (d) x w will be at the middle of two adjacent lattices as is shown in Fig.1 (e) and the Zak phase φ Zak = π. The difference comes from the fact that the same orbit is considered to be located at different lattices with different choices of unit cells as is shown in Fig.1 (c) and (e).
It is clear the two values of Zak phase do not correspond to two different topological states of the bulk system, but only reflect two choices of unit cells of the same bulk system. As is shown in Fig.1 (b) and (d) the two choices of unit cells are equally possible. If two bulk SSH systems have different Zak phases, one can always change the choice of unit cells of one system and thus make the two systems have the same Zak phase. So there is only one bulk topological state of the SSH model when it is gapped. The so-called topological and so-called trivial state are only the same state with different types of unit cells.
The Wannier centers r w calculated from the Berry connections in 2D systems also depend on the choice of unit cells. In ref [13] it is claimed that the polarization is identical to the Wannier center. We can easily derive
where A = i u(k)|∇ k |u(k) is the Berry connection and S is the area of the Brillouin zone. As in the 1D case W (R n )|W (R n ) is the probability the electron in the unit cell around the lattice R n when state of electron is described by the Wannier function |W (R n ) . Clearly, all the orbits in the unit cell around the R n are all assumed to be located at R n . So r w is not the actual Wannier center.
In Fig.2 we show why r w depends on the two equally possible choices of unit cells. We construct the 2D Wannier function by directly superposing the Bloch waves of occupied bands. Again, when we choose different unit cells the orbits will be consider to be located at different lattices. So the probability the electron is located at a lattice is different with different choices of unite cells as is shown in Fig.2 (b) and (d) .
In ref [6] the nested Wilson-loop is used to calculate the polarization of the Wannier band. Because the Chern number of the Wannier band is zero, localized Wannier functions can be constructed for the Wannier band. We superpose the Bloch waves of the Wannier band to obtain the Wannier function. The polarization of Wannier band p Clearly, p ν ± x y depends on the choices of unit cells. In Fig.3 we show two equally possible choices of unit cells. With the choice in Fig.3(a 
2 as is show in Fig.3(b) . Use the same method we can obtain that
2 ) due to the reflection and inversion symmetries. Thus the so-called quadrupole invariant q xy = e 2 and the bulk system will be considered as topological.
If we calculate the polarization with a different type unit cells for the same bulk system as shown in Fig.3 (c) and (d) we will find (p ν ± y x , p ν ± x y ) = (0, 0) and q xy = 0. The system will be considered as trivial. Notice that the two types of unit cells have the same symmetry property, thus the two choices are equally possible. So we can not determine the so-called topological invariant q xy if we only look at the bulk system. Thus q xy is not a bulk topological invariant.
In conclusion the Wannier centers calculated from Berry connection with tight-binding models are not bulk topological invariants because they can not be uniquely defined. In fact, we should not attach much physical significance to such concepts because they only reflect the way we describe the system as is shown in Fig. 1-3 . Now we discuss the so-call topologically protected edge or corner states. In a finite system with boundary the nontrivial bulk topology manifest itself through the nontrivial boundary states. If the topology of bulk bands are protected by symmetry there are must be some symmetry constraint on the boundary, otherwise the boundary states may become trivial. For example, if the time reversal symmetry is broken at the boundary of a 2D or 3D topological insulator, the boundary states may become gapped.
We also stress some characteristics of the topological boundary states. First, the same bulk topological system must have the same boundary state property when we choose two types of boundaries with the same symmetry property. The two types of boundaries either both conform to the symmetry constraint or both violate the symmetry constraint. So the boundary states are either both topological or both trivial.
Second, since the existence of symmetry protected nontrivial boundary state is a distinctive feature of the topological system, such states should not exist in trivial systems no matter how we choose the boundary of the trivial system.
In Fig.4 (a) -(c) we show three systems, each with two types of boundaries. For each system the two types of boundaries have the same symmetry property. For example, in Fig.4(a) the reflection symmetry and the chiral symmetry are both preserved with the two types of boundaries. So if the boundary state property is really topologically protected it must be the same for the two choices of boundaries. However, the boundary state properties are just opposite for the two boundaries: the zero-energy boundary states exist with one type of boundary and disappears with the other type.
In ref [12] they have not only observed the corner states but also claimed to test the robustness of the corner states by deforming the edge. However, as we show in Fig.4 (b) , there are two types of boundaries with the same symmetry. If one consider the system is topological and the corner states are observed with one type of boundary, then the corner states can be obliterated by deforming boundary to the other type. More seriously, in the so-called trivial system we can always obtain equally robust corner states as the topological case by deforming the boundary. It is clearly impossible if the corner states are truly topologically protected.
If we choose the ∇ type of boundary in Fig.4(c) the zero-energy corner states disappear in the so-called topological phase and appear in the so-called trivial phase as is shown in Fig.4 (d) . However, topological corner states should not exist in the trivial system no matter how we choose the boundary.
So the existence of the edge or corner states in these systems only reflect the choices of the boundaries of the same bulk system. One may argue if we choose one type of boundary then we must choose a commensurate type of unite cells, then the topological invariant of the bulk can be determined, and then the bulk system becomes topological or trivial. However, if the bulk topological property depends solely on the choice of the boundaries, is it still a bulk property?
If this kind of logic is valid, topological invariant of pure bulk system, i.e. infinite system or system with periodic boundary condition, will become meaningless because there is no boundary to determine the choice of unit cells.
In conclusion there is no topological distinction between the so-called topological phase and the so-called trivial phase in the systems discussed above. These systems only have one topological phase if the system is gapped. The so-called two topologically distinct phases are just the same bulk phase with different choices of unit cells. The existence or absence of the zero-energy boundary states only reflects the different choice of boundary of the same bulk systems.
One may contend that though the corner states do not reflect the bulk topology of the system, they do enjoy some topological protections, i.e. the two types of boundaries of the same bulk system discussed above can not be continuously connected without breaking the chiral symmetry. The measured corner states may be considered as topologically protected in this sense.
First we must realize that this is just a boundary property, which is only concern with different choices boundaries for the same bulk system. It is does not mean that the bulk system have non-trivial and trivial states as is claimed by previous works.
Second this kind of systems can not be realized in quantum systems. The boundary properties depend on the chiral symmetry of the system. The chiral symmetry is a very artificial symmetry, which comes from the simplifications we make in constructing the tight-binding models. Strictly speaking no quantum system has chiral symmetry. For example, chiral symmetry requires that the energy spectrum of the model symmetrically distributed about zero. It is impossible because the energy spectrum of real quantum system is always lower bounded, but not upper bounded.
When we use tight-binding models and only consider a few bands, the chiral symmetry still requires unrealistic assumptions. The on-site potentials of all the orbits must be equal(Strictly speaking must be zero) and the nextnearest-neighbour hopping between the orbits must be forbidden. For simplicity open boundary conditions are used when we calculated the boundary properties of the tight-binding models. However, in real system there must be some difference between the on-site potentials of orbits inside of the system and those outside the system, i.e. the vacuum. So the chiral symmetry must be broken at the boundary of the real systems.
Even in the classical systems that are used to simulated the quantum systems the observed spectrums are far from being symmetric respect to the mid-gap point [9, 10, 12, 24] . So the chiral symmetry is broken in these systems and the observed corner states are not protected even in this weak sense of topology protection.
